Vibration-rotation energies of tetrahedral XY4 molecules :  Part II. The fundamental [nu]3 of CH4 by Hecht, Karl T.
.IOURNAL OF MOLECULAR SPE(‘TROSCOI’Y 6, 390-40-L (1960) 
Vibration-Rotation Energies of Tetrahedral XYI Molecules 
Part II. The Fundamentai p3 of CH,* 
KARL T. HECHT 
The Harrison M. Randall Laboratory of Physics, The liniversity of Michigan, 
Ann Arbor, Michigan 
The matrix element)s derived in the first paper of this series are used to com- 
pute the frequencies of the t,etrahedral fine structure components of the rota- 
tional lines of the fundamental ~3 of CH, The theoretically predicted fre- 
quencies are compared with the recent high resolution spectra of Plyler et al. A 
best fit for the splitt,ing patterns is obtained with the following splitting con- 
stants: tnz4 = -2.93 X 1OP cm-l, tlar = 0, toa = -1.5 X 1O-6 cm-l, tzrr = -5.0 X 
lo-@ cm-l. Analysis of the unperturbed frequency positions and the weak for- 
bidden P and R branch lines gives the following rotational constants : B, = 5.240 
cm-l, D, = 1.0 X 1OV cm-l, R,(R = J) = 5.191 cm-l, H,(/? = J + 1, J - 1) = 
5.201 cm-l, c3 = 0.054;. 
INTRODUCTIOK 
In t)he first paper of this series ( 1) the theory of the vibration-rotation pertur- 
bations in tetrahedral XY, molecules was re-examined in terms of the modern 
theory of angular momentum coupling. It was shown that the splitting of a vi- 
bration-rotation level int’o its tetrahedral sublevels is governed by pertSurhation 
terms of one basic symmetry in all states in which only quanta of y1 , v3, and 
y4 are excited. As a result all such hands show the same basic split,ting patterns. 
In dominant8 approximation the relative spacings of the ~1, , 9, , E, F, , and F, 
fine structure levels of a state of given rotational angular momentum are the 
same in all infrared active hands and can therefore he obtained from the results 
of Jnhn (2) for the fundamental v4 . Only the overall separation of the fine struc- 
ture lines will vary from hand to hand. In next approximation, however, the 
basic split,ting patterns are deformed by matrix elements off-diagonal in the rota- 
tional angular moment’um quantum numher R, and this effect hecomes import,ant. 
in trying to account for t,he modern high resolution spectra. From the matrix 
elements tabulatjed in (1) both the basic splitting patterns and the extent to 
which they are deformed may he calculated. In this paper the results of such 
calculations for the fundamental v3 of CH, will he presented and compared with 
the recent, high resolution spectra of Plyler et al. (3). 
* This work has been supported in part by the Office of Naval Research under 1;avy 
Theoretical Physics Contract No. Nonr 1221(15). 
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GROUND STATE ENERGIES 
It was shown in (1) that, the splitting of the rotational levels of the vibrational 
ground state into t)heir tetrahedral sublevels is given by a single perturbation 
term and increases with an approximate J’ dependence. The magnitude of the 
splitt,ing is determined by the coefficient. 
The splitting pert,urbations for J S 8 are given in terms of D, in Table I. Al- 
though the ground state splittings are negligible for very low J values, the 
numbers in Table I are significant since the relative spacings of the tetrahedral sub- 
levels of a stat,e of given rotational angular momentum, R, are, in dominant ap- 
proximation, basic to almost’ all vibrational levels. (In the ground state R = J). 
For values of J > 8 some of the split’ting perturbations involve the roots of cubic 
and higher degree equations and are therefore best tabulated numerically. Numer- 
ical values of the ground stat,e splitting pert’urbations are given in Table II for 
which a best value of D, of 4.5 X lo-” cm-’ has been used. From t,he known 
values of B, the zetas, and t,he most’ recent estimates of Jones and McDowell 
(4) for the W; , Eq. (1) yields a value of Dt of 4.0 X 10d6 cm-‘. 
TABLE I 
GROIJND-STATE SPLITTING PERTURBATIONS: BASIC PATTERNS J = OTO 8 
J=O A, 0 
J=l Fz 0 
J=2 I*‘? 2.1201 
E -3.12Dt 
J=3 AI 6.6ODt 
F1 1.60Dt 
Fz -3.60Dt 





























(-10 + 2a).6ODt 
-33.6001 
(-10 - 2v’Z%)~sOD, 
-57.6ODt 





(-13 - 20&).12Dt 
(91 + Sv%).SODt 
14(-l + d943/7).6ODt 
(-49 + 36&&.6ODt 
(91 - S+m).SODt 
14(-l - d943/7).mDt 




GROUND-STATE SPLITTIK PERTURBATIONS: NUMERIC'AL VALUER 
J = IS J = 11 J=3 
FS 14) 0.302 cm-l /<T$“’ 0.156 cm-l 2 1 I 0.075 cm-l 
E(2) 0.283 E(Z) 0.146 fi’? 0.067 
.4: F’:” 0.265 1 2 ,q:v F”’ 0.123 062 _I? &3’ 0.057 32
F’t’ 
F$ 
0.111 E;L’ -0.012 Fj’, 0.006 
0.079 F,?, 
-4: 
-0.021 E 0.000 
--l 2 -0.080 -0.036 p(l) 1 -0.081 
F:“’ -0.097 ,,,?“’ 
E(l) -0.104 ,;1, 
-0.197 F’L) 2 -0.085 
-0.199 J=8 
F* (1) -0.403 J = 10 F?’ 0.045 cm-l 
F”) p -0.406 f?;“’ 0.108 cm-l E’@’ 0.010 
J = 12 EC21 0.094 F’“’ I 0.024 
.l(*) 1 0.226 cm-l F’?’ 
i 
0.082 p1, 2 0.005 
F1 8, 0.211 0.015 EC1 -0.018 
F* 13) 0.197 F”’ 0.004 b1 ,(I1 -0.050 
.A, 0.169 fi2’ .:y -0.010 .4 1 -0.053 
E(2) 0.090 2.12 -0.128 J=7 
F:2’ 0.089 pi” -0.130 pi”’ 0.028 cm-l 
,i”’ -0.042 EC” -0.133 & 0.019 
Fd (1) -0.060 J=6 F”’ I 0.013 
F, (1) -0.287 .‘lI 0.017 cm-l rt, 0.003 
;I:‘) -0.289 F* 0.013 ,;I, -0.026 
E”’ -0.304 F$?’ 0.008 pi” -0.029 
Js5 Ar -0.009 
All <O.Ol F:” -0.01-i 
E -0.015 
EXCITED STATE ENERGIES 
It was shown in (2 ) t’hat the splitting of the energy levels of the excited state 
of the fundamental r1 are to t,hird order of approximation determined by three 
perturbation terms. All of them involve t)he same basic linear combination of 
fourth rank tensor operators but differ in their J-dependence, increasing approxi- 
mately with J2, J3, and J4. The coefficients of these terms were denoted by tzz4 , 
tls4 , and h , respect’ively, where the subscripts i, j, k of tijk indicate the tensor 
character of the terms. The overall rank of t,he perturbation operators is indi- 
cated by I< ( = 4), while the rank of t,he vibrational and rotational operators 
from which the vibrat,ion-rotation perturbation terms are built is indicated by 
i and j, respectively. In order to fit accurately all the observed P, &, and R 
branch lines of the fundamental y3 it was found necessary t,o add a fourth term, 
of t,ype t244 . Formally such a term would appear only in the fourt’h-order Hamil- 
tonian. Since it is a pert’urbatlion term of the same fourt,h-rank tensor character 




J,_, LEVEI,S: SPLITTING PERTURBATIONS 
01 F2 0 
12 E 0.035 cm-’ 
FI -0.023 
23 Fs 0.070 
F1 0.023 
Al -0.140 




45 F:" 0.223 
F, 0.111 
E -0.124 
F2 (2) -0.194 
56 E 0.301 
F2 (1) 0.273 
ilz 0.168 
12 T(2) -0.102 
F1 -0.202 
-41 -0.293 
6, F!" n 0.400 
s: F(‘) 0.351 082
El F’2’ -0.098 189
FP (2) -0.315 









-0.294 F2 (3) 
,;I, -0.355 ll,? 11”’ 
8, ,:I' 0.651 ,:1, 
(1) 
F, 0.606 & 
E 0.207 (1) F* 
F;?’ 0.155 d9) E1 
242 -0.126 E(2’ 





9 ,o EC') 0.759 Ft (3) 
FS (1) 0.748 -41 (2) 
A? 0.722 1213 Ft (1) 
I?) 
F, 0.316 F”) 
II) 
Fl 0.234 E:” 
ill 0.069 p 
(2) F1 -0.262 A? 
E(Z) -0.339 F:3' 
(3) F2 -0.432 10) I*1 



































small values of the angular momentum quantum numbers the relat,ive separations 
of the tetrahedral sublevels are approximated rather well by t,he basic splitting 
ratios of Table I. For larger values of R, however, the effect, of t,he off-diagonal 
matrix elements becomes important. For example, the A,, Fi’), EC’), Fi”, Ff’, 
I#‘), and Fi2) states of 7* are predicted to be spilt from their unperturbed posi- 
t,ion in the ratios (196), 183.-l, 175.0, 44.6, -63.9, - 108.5, and - 131.0, respec- 
t,ively (Table III). The corresponding splitting ratios would have been ( 196)) 
183.7, 176.5, - 14.7, -85.7, - 148.5, and - 167.3 if matrix elements off-diagonal 
in R had been neglect,ed (Table I). 
COMPARISON BETWEEN THEORY AND EXPERIMENT 
The comparison between theory and experiment is made in Table VI for t’he 
P-branch lines. The first column gives the observed frequencies of Plyler et al. 
(3). The second column shows the unperturbed frequencies after the correction 
for t,he splitting perturbations has been made. For example, t,he Al line of P(8) 
TABLE IV 













































































0.750 cm+ 1111 Fp 
0.652 E(Z) 
0.336 F2 (3) 
0.077 F1 (2) 
-0.917 EC’) 




0.765 1212 A: 
0.335 Al 
0.073 F* (3) 
0.056 Fl (3) 
-1.254 E(Z) 
- 1.269 (2) F1 
1.011 p 
1.001 .;1, I 




























JJ_l LEVELS: SPLITTING PERTURBATIONS 
lo ii1 0 87 F?’ 0.083 cm-l lll0 Fp -0.111 cm-1 
21 Fz 0 Fi (1) 0.064 Al -0.112 
32 E 0.006 cm-l Al -0.129 E(‘) -0.128 
F2 -0.008 FL (2) -0.159 F,“’ -0.288 
4, Fz 0.016 E -0.185 F2 (2) -0.375 
F1 -0.012 FZ (2) -0.199 E(e) -0.379 
.4l -0.051 9s F’” 
$1, 
0.049 cm-l A1 -0.445 
54 AI 0.046 0.035 F1 (2) -0.422 
F1 0.010 Al 0.005 F:3’ -0.409 
E -0.012 FZ (1) -0.194 1211 Fz (1) -0.223 
Fz -0.075 F’2’ 
$2’ 
-0.227 F:” -0.243 
6s Fi” 0.046 -0.270 EC’) -0.335 
PI 0.000 
2:: 
-0.267 Fp -0.337 
E -0.098 IO9 -0.025 FZ (2) -0.468 
FZ (2) -0.112 FZ (1) -0.042 -41 -0.489 
76 E 0.044 F(Z) 2 -0.262 &W -0.548 
Fz (1) 0.030 -42 -0.236 Fj”’ -0.551 
A2 -0.002 F’3’ -0.305 Fp -0.586 
Ff (2) -0.121 F:2) -0.316 
F1 -0.149 El -0.405 





























it Reference 3. 
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TABLE VI-Continued 
Observed Frequenciesa Corrected for splitting perturbation Observed frequencies8 
Corrected for splitting 
perturbation 
P(l3) ,-__ 











F1 2885.190 2884.93 
‘41 2884.867 4.98 
F, ,463 5.06 
F? ,413 5.09 
E ,348 5.06 
Ave. 2885.026 
is shifted t,o higher frequency by [0.5X-( -0.053)] cm-’ by the splitting pertur- 
bations of the excited and ground state, respectively, (Tables III and II). To 
obtain the unperturbed frequency of the second column of Table VI the per- 
turbat.ion of 0.584 cm-’ is subtract’ed from the observed frequency. If the the- 
oret,ically predicted split,ting perturbations are correct all the tet,rnhedral tine 
struct,ure components of a given P line should coalesce to a single unpert,urbed 
frequency. Prom Table VI it is seen that the deviation from the average value 
of the unperturbed frequencies is generally within 0.02 cm-’ up to the t)ent,h 
angular momentum quantum number but becomes as large as 0.09 cm-’ for 
P( 1:3). Table VII shows the comparison between theory and experiment for the 
R-branch lines in a similar way. If the splitting perturbations are handled in this 
way t’he analysis of the unperturbed P- and R-branch frequencies leads to rota- 
t#ional constants which can be compared with the theoretical expressions which 
were tabulated in (I) . The result,s of the analysis give 
(B, - Bo) = -0.0386 cm-‘, 
2(& + B0 - 2B3c3) = 19.745 cm-‘. 
A theoret’ical &value of 1.0 X 10d4 cm1 has been used 
(S) 
Da = 4B3 c k2 + & 22 (4) 
The Q-branch lines show t’he largest splitting. The theoretically predicted Q 
branch is shown below the observed spectrum of Plyler et al. (3) in Fig. 1. The 
comparison between the observed and predict*ed Q-branch frequencies is also 
shown in Table VIII. The predicted frequencies are computed from t,he splitting 
perturbations of Tables II and IV and unperturbed Q-branch frequencies given 
by the following formula 
Q(J) = YO - .0485 J(d + I) + 4.5 X 10p5J2(J + 1)’ cm-‘, (5) 
where Q(J) = y. + (B, - Bo)J(J + 1) + fourth-order terms. Theory predicts 
that the effect,ive B-value of the Q-branch should differ from that’ of the P and R 
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TABLE VII 
COMPARISON BETWEEN THEORY .~ND EXPERIMENT. R BRANCH 







E, Fzb 3048.180 
R(3) 
Fz , FI” 3057.739 
At .692 
R(4) 









B, FS 3086.070 
-4, ,046 
Fz , FI , -4, ,862 
R(7) 
F1 , FI 3095.368 
:I 1 , FL .174 























Observed frequencies8 Corrected for splitting 
perturbation 
R(8) cm+ 







F, , F1 3113.720 
F? .423 
.42 .403 
P, , FI , E, .300 
A * 
WO) 








Fl , F? 3131.749 
PI , E .529 
-4, , Pz .382 

























a Reference S. 
b Lines such as these are unresolved. 
branch (1). From Eqs. (3) and (5) it is seen that t,he difference is about 0.01 
cm-‘. For low values of J the predicted Q-branch lines lie almost without, escep- 
tion within 0.02 cm-’ of the observed lines. For values of J > 9 the differences 
become somewhat, larger, partly because t)he J-dependence of the centers of 
gravity of the Q-branch lines is no longer given very accurately by Eq. (5). 
FORBIDDEN LINES 
If matrix elements off-diagonal in the rotjational angular momentum quantum 








































tion levels, they m:~y :Jso Iw responsihk for the> appear:mc*e of wak illfr;uwl 
:kwrption lines ilr the I’“, I’ , II’+, Ii”, 0’ , aid C) t)r:mc:hrs \vhich :w forhiddcll1 
ilr first approximation. ‘l’hc select ion rule AR = 0, \xlitl for thr) fu~~I:rm~~~t:~l, 
restricts the infrared nctivc transitions to those of the I’+ l)r:ulch, ( t rallsitiolw 
from the ground-state 1~~~1s ( .I + 1 ) io the escitc~tl state lc\-~1s .I,, +1 ), thcl C)” 
hr:mch, (transitions from .I to J., ) 1 and the K hrallrh, ( transit ions from ( ./ - 1 1, 
to ,/,,_-1 ). If mat ris elements off-diagonnl in I? give significant wnt rihut ions to t hv 
cuergies, however, t hv true wave function of :L state ./,, is a linear wmbil~:ltiol~ 
of the zeroth-order uxvc functions of all thrw stntcs .J.,+, , J., , :LJI~ ./.,-, ‘l’lw 
fact that the rotational angular momentulll clualltui~l JIUJ~~X~J~, K, is Ilot rigor- 
ously :L “good cluantum Iiumher” hecomes important. I~lvclr if the major (‘OII- 
trihution to the infrared inteusit,ies comes from the first derivative term in t ht. 
electric dipole moment expansion and is govcnwd by t hc> selection rule AR = 0 
involving the zcroth-or&r W:LV(~ functiolw, linw in all t hrw I’, Q, a~rtl /I’ txlllchw 
})ec:omc ktive since each stat c involves :I mixture of all threv possihlr \aluw of 
th(l quantum number R. 
The diagonalizntion prowss outlined :~bo\-c gives trot ollly t h corrected PJIW- 
gies hut also the correct linear combination of zeroth order u-;~\Y~ fmlct iolrs. .\s :t 
rule the amount of admist we’s of states of difkreut rot at ional alrgular J~OIWII- 
tum, R, arc small hut, especially in the case of kwge angular momenta, hxo~nc~ 
significani cwough to give rise to ohserval~lr forhidden lines. Ala~iy wc~~li lillw 
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have been observed by Plyler and Allen (3, 5) between the strong lines of the al- 
lowed I’, Q, and R branches. Some of these must be attributed to the forbidden 
overtone 2~~ (activated through Coriolis interaction with vp + v4 for example). 
Others st)ill probably arise from hot bands; but many can be identified as the 
forbidden P-, Q-, and R-branch lines. In order to make t’he identificat’ion it is 
necessary to have an estimate of t,he relative intensities of the tetrahedral fine 
st,ructure components of these lines. For t’he lines of the allowed P, Q, and R 
branches t,he t,ransition probabilities are independent of KR so that the relative 
intensities of the ,4, h’, and F lines are governed solely by the statistical weight 
fact,ors of 5, 2, and 3. The relative intensities of the A, E, and F lines of the for- 
bidden branches, however, are determined by the degree of mixing of wave func- 
tions of different R. Since this is determined in a complicated way by the matrix 
elements off-diagonal in R, the relative intensities of t,he tetrahedral fine struc- 
ture components vary from line to line in a nonsystematic way. With the some- 
what drastic assumption t,hat the intensit,ies of the forbidden lines arise only 
from the first term in the electric dipole moment expansion the intensities of the 
forbidden lines can be computed from a knowledge of t,he correct linear combina- 
tions of xeroth-order wave funct,ions. 
Some characteristic examples of theoret’ically-predicted forbidden R-branch 
lines are shown in Pigs. 2 and :3 below the spect,ra of Plyler et al. (31 run under 
conditions t,o bring out the weak lines. Although the predicted frequencies always 
lie within a few hundredths of a wave number of an observed weak line the agree- 
ment between the intensit,ies of the theoretically-predicted and observed lines is 
at best qualitative. The number above the strongest line indicat)es the predicted 
intensity of the line relative to the int,ensity of an F line of the corresponding 
allowed R-branch transition. For example, the A, line of the branch R"( 8 + g9) 
should have an intensity 5 X IO-’ times the intensity of an F line of R-(8). 
The predicted frequencies of the R" and R+ lines follow from the observed 
frequencies of the allowed Q” and I’+ lines, respectively, and the energy differences 
between t)he (J - l), J, and (J + 1) ground st’ate levels. The following ground- 
state constants were used in computing the frequencies of the forbidden lines: 
B. = 5.2JO cm-‘, D,q = 1.0 X lop4 cm-‘, D, = 1-5 X 1OV cm-‘. (6) 
In principle the frequencies of the forbidden lines can be used to compute 
very accurat,e values for the ground-state constants. In pract’ice, unfortunately, 
t,he idemification of the forbidden lines of large angular moment’um may be in 
some doubt since the predicted intensities may not be reliable and since the for- 
bidden P-, Q-, and R-branch lines of y3 seem to he overlapped by many other 
weak lines not related to va . The scalar and tensor D-values in particular may 
therefore require further adjustment even though the predicted forbidden I’- and 
R-branch lines all lie within a few hundredt’hs of a wave number of an observed 
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